If G = (V , E) is a graph and H = (V, H) is a graph whose edges can be decomposed into isomorphic copies of G, then we define a k-block colouring of a G−decomposition of H to be an assignment of k colours to the copies of G so that no two copies of G having a vertex in common have the same colour. A G−decomposition of H has chromatic index χ = k if it is k block colourable and not k − 1 block colourable. We use the techniques of G−resolvable designs and G−frames to solve the Minimal Chromatic Index Problem: Given H determine mininum {χ (D) | D is a G−decomposition of H} and exhibit a D that achieves this minimum, for the cases whereH the complete graph on n vertices and G is the path of length 2 or 3.
Introduction
If G = (V , E) is a graph and H = (V, H) is a graph whose edges can be decomposed into isomorphic copies of G, such a decomposition requires that |E| divides |H|, then we define a k-block colouring of a G−decomposition of H to be an assignment of k colours to the copies of G so that no two copies of G having a vertex in common have the same colour. A G−decomposition of H has chromatic index χ = k, if it is k block colourable and not k −1 block colourable. These kinds of colourings for general graphs have been studied by Brown and Corneil [2] .
A special case which has been widely studied is when |V | divides |V |, and the colour classes form 'resolutions' of V , and |V | |V | divides |H| |E| . When both G and H are complete graphs the problem goes back to Kirkman's Schoolgirl problem [10] . The case where G is a cycle of length n and H = K m is a special case of the Oberwolfach problem [11] , called the resolvable m-cycle system problem [12] . The case where G is a path of length n and H = K m were first called handcuffed prisoner designs [5, 6] and later called resolvable path designs [1, 7, 16] . There is actually some confusion in the literature as to whether the term "handcuffed design" is a path design or a resolvable path design.
We will look at for the cases where H = K n and G = paths of length 2 and 3 is :
The Minimal Chromatic Index Problem
Given H determine min {χ (D) | D is a G − decomposition of H} and exhibit a D that achieves this minimum.
For G = K 3 and H = K v , a K 3 −decomposition with a minimum chromatic index is a Resolvable Triple System for v = 6k + 3 and a Hanani Triple System for v = 6k + 1 [4, 18] . When G = C n (the n-cycle), and H = K n , it is the Oberwolfach problem for v = kn and it is the Walke problem for v = kn + 1, which is still open as far as we know (this nomenclature is explained in [13] with reference to the Dundas index). The term near-Oberwolfach refers to C n −decompositions of the cocktail party graph. (K n \ a one − factor) [15] .
When G is not regular or when |V (G)| does not divide |E(G)|, the problem is substantially more difficult; paths have both these difficulties. Denote by P k the path of length k − 1 (k vertices). What we intend to do is give a technique for finding the chromatic index of a P 3 −design and a P 4 −design as a paradigm for solving the chromatic index for various graphs. Definition 1.
A G−design G − (v, λ), is a pair (V, B)
where V is a v-set and B is a collection of isomorphic copies of the graph G, called blocks, which partition the edges of λK v on the vertex set V .
with a hole of size w, is a triple (V, W, B) where V is a v-set, W ⊆ V is a w-set and B is a collection of isomorphic copies of the graph G, called blocks, which partition the edges of λ(K v \ K w ) on the vertex set V .
, where V is a finite set, G = {g 1 , . . . , g n } is a partition of V into subsets, the elements of G are called groups, and B is a collection of isomorphic copies of G, called blocks, which partition the edges of λK g1,...,gn , on the vertex set V . If for i = 1, . . . , t, there are k i groups of size n i we say that the G-GDD λ is of type n
) a near-parallel class is called a parallel class.
3.
A partial parallel class is a collection of n ≤ α v vertex disjoint blocks.
Definition 3.
1.
A G−design is n block colourable if its blocks can be partitioned into n partial parallel classes.
A simple counting argument shows that the minimum possible χ colouring of a G−design G −(v, λ) will partition the block set into
2|E(G)|αv near-parallel classes and possibly one extra partial parallel class, called the leftover class; we call such a design a nearly resolvable G−design.
Definition 4. An (n, m) block colouring of a G−design G − (v, λ) with a hole of size w, is a partition of the block set into n partial-parallel classes of V and m partial parallel classes of V \ W .
Given a (n, m) block colouring of a G−design G − (v, λ) with a hole of size w, A say, and an m block colouring of a G−design G − (w, λ), B say, we may 'fill in the hole' of size w in A with a copy of B and associate the m short classes of A with the classes of B (the leftover classes of each are also associated) to obtain an n + m colouring of a G−design G − (v, λ). We call this an n + m block colourable G−design G − (v, λ) with an m block colourable subdesign on w points. In particular if m = w(w−1) 2|E(G)|αw , together with a possible leftover class, and
we obtain the minimal
colouring of a G−design, together with a possible leftover class. Definition 5.
1. A G−GDD λ is a resolvable G−GDD λ if the blocks may be partitioned into parallel classes.
, is a G−frame λ if its blocks can be partitioned into partial parallel classes, each of which is a resolution of V \ g i for some group g i ∈ G. These partial parallel classes are called holey classes with hole g i .
We now concentrate on the case where G = P k , k = 3 or 4. We note that when α v v(v−1) 2|E(G)| the resolvable case (v ≡ 0 mod |V (G)|) has been solved in [1, 7] and the almost resolvable case (v ≡ 1 mod |V (G)|) has been solved in [16] . For P 3 and P 4 these correspond to the cases v ≡ 4, 9 mod 12. We include these cases in our exposition, partly to provide an alternate proof, but mostly to show how the 'frame' methods apply to these cases. For the remainder of this paper λ = 1 and will be omitted.
We now introduce the required building blocks for the construction.
Lemma 6 ( [6, 7] ).
1. If k is even, then a K k parallel class is the union of
2. If k is odd, then a pair of K k parallel classes on the same vertex-set and disjoint edge-sets, is the union of k P k parallel classes [7] .
We will use the following special case of the resolvable P k −GDDs, found by Yu [17] . We note that these can also be found by applying Lemma 6 to a resolvable K 3 −GDD, which may be found in [14] .
Theorem 7 ([17]).
1. For t ≥ 2 there is a resolvable P 3 −GDD of type 12 t with 9(t − 1) parallel classes.
with k = 3 and 4 to decompose the K k 's and obtain P k −frames of type 12 t for all t > k.
A P k −frame of type 12 3 may be obtained by taking a resolvable P k −GDD of type 12 2 on each pair of groups in turn. We present a P 4 −frame of type 12 4 , with point set (010), (000)(211)(103)(231), (030)(223)(020)(221) (011)(022)(010), (012)(030)(001)(000), (021)(202)(031)(032) (000)(212)(010), (032)(220)(111)(030), (001)(122)(131)(202) 
Constructions and Exceptional values 2.1 Constructions
We outline here the main constructions which we shall use. These are adaptations to graph decomposition of standard frame and resolvable design techniques [14] .
The RGDD Construction. We begin with a G−RGDD of type g t with r parallel classes and an n coloured G−design on g points, (V, B), with colour classes R i and leftover class L. We construct a G−design on gt points as follows:
1. We place an isomorphic copy of (V, B) on each group g j calling the colour classes R 
The result is a n + r colouring of a G−design on gt points, together with a possible leftover class.
The Frame Construction. We begin with
• A G−frame of type g t with n parallel classes missing each group.
• An (n, m) colourable G−design on g + k points with a hole of size k, (V, W, B ), with n near parallel classes, P i , of V and m near parallel classes, Q i , of V \ W and a possible leftover class L.
• An n + m colourable G−design on g + k points (V, B) with colour classes R i and a possible leftover class M.
We also require that the blocks of L contain no points of the hole. Note that the existence of an n + m block colourable G−design on g + k points (V, B) with an m colourable subdesign on k points gives both the latter two objects. We construct a G−design on gt + k points as follows:
1. The vertex set is the vertices of the frame together with k infinite points
2. On the first group g 1 ∪ ∞ we place a copy of the n + m colourable G−design on g + k points with colour classes R i , i = 1, . . . , n + m.
3. On the each of the remaining groups g j ∪ ∞, j = 2, . . . , t, we place a copy of a resolvable G−design on g + k points with a hole of size k, placing the hole over the points ∞. We call the resulting colour classes P
. . , n, j = 1, . . . , t, are the n holey classes of the frame whith hole g j , then the colour classes the new design are:
The result is an nt + m colouring of a G−design on gt + k points together with a possible leftover class.
Hill Climbing with Divide and Conquer
Hill Climbing We may find small cases by using a pseudo hill climbing algorithm for computer searches. We start with the block set B = ∅ and the resolution classes, R j = ∅. A resolution class is live if it does not contain α v blocks, the leftover class is live if it does not contain the number of blocks in the leftover class. We proceed as follows: While there is a live class Randomly pick a live class R Randomly pick a point x 0 ∈ R For i = 1 to i < k Randomly pick x i such that Either the pair x i−1 x i ∈ B OR x i ∈ R If placing the block x 0 x 1 . . . x k conflicts with up to one other block B ← B ∪ x 0 x 1 . . . x k , deleting the conflicting block if any R ← R ∪ x 0 x 1 . . . x k If we do not find the design within a certain number of tries we start again. This algorithm works reasonably well for small k, but the running time increases dramatically as k increases, as there will often be more than one conflicting block.
Divide and Conquer For a given k the running time increases as the number of blocks to be found increases, if this is too large it may be possible to reduce this number by dividing the problem into two problems on about half the number of blocks and piecing together the results. This can of course be done recursively and could be cleverly worked into a single a pseudo hill climbing algorithm. Though we did not need to do this for the cases we considered, our approach to the case P 4 , v = 34 illustrates the idea: 1. Hill climb to find a P 4 −decomposition of K 17 missing one edge, 2. Hill climb again to find a P 4 −decomposition of K 17,17 missing one edge, 3. Apply the RGDD construction, ensuring that the missing edges are adjacent, so this path becomes the leftover block. See the Appendix for details.
Chromatic index tables
We give two tables showing the parameters associated with P k decompostitions, k = 3, 4, we include the smallest value the chromatic index could be.
With these values we may use the P k −GDD's and P k −frames from Theorem 7 and 8 in the constructions above to obtain the entire spectrum. It remains to find the ingredient designs for P 3 and P 4 , which we do in the next section. 
Ingredients for P 3
When denoting a path we shall omit the commas and brackets, and we enclose the paths of partial parallel classes between , for example 012, 345, 678, 9ab
We use the RGDD Construction, filling in the groups of a P 3 −RGDD of type 12 t with a nearly resolvable P 3 −design on 12 points with one block in the leftover class. The resulting t disjoint blocks form the leftover partial parallel class of the result. • v ≡ 1 (mod 12).
We use the Frame Construction, filling in a P 3 −frame of type 12 t using the following nearly resolvable P 3 −design on 13 points with a hole of size one. V = {0, 1, . . . , 9, a, b, ∞}, ∞ is the hole and the leftover class contains three blocks, none of which contain ∞. We pair up these nine classes with the 9 frame parallel classes that miss the particular group. The 3t disjoint blocks form the leftover partial parallel class of the result.
• v ≡ 4 (mod 12).
We start with a P 3 −frame of type 12 t and apply the frame construction to create a nearly resolvable P 3 −design on 12t + 4 points. We require a nearly resolvable P 3 −design on 16 points with a subdesign of size 4, given below, the point set is V ∪ W , where V = {0, 1, . . . , 9, a, b} and W = {∞ 0 , ∞ 1 , ∞ 2 , ∞ 3 }. The first three classes contain the subdesign, the first block from each. We obtain 3 classes by taking the union of these classes across the groups. for each group of the frame, the remaining 9 classes are paired with the 9 classes from the frame missing that group. The result is a nearly resolvable P 3 −design on 12t + 4 points with 9t + 3 classes. • v ≡ 5 (mod 12).
We start with a P 3 −frame of type 12 t and apply the frame construction to create a nearly resolvable P 3 −design with 12t + 5 points. We require a nearly resolvable P 3 −design on 17 points with a subdesign of size 5, given below. The point set is V ∪ W , where V = {0, 1, . . . , 9, a, b} and W = {∞ 0 , ∞ 1 , ∞ 2 , ∞ 3 , ∞ 4 }. The first four classes contain the subdesign, the first block from each. We obtain 4 classes by taking the union of these classes across the groups. For each group of the frame, the remaining 9 classes are paired with the 9 classes from the frame missing that group. The leftover class comes from the union of the leftover classes across the groups. The result is a nearly resolvable P 3 −design on 12t + 5 points with 9t + 4 classes and a leftover class of size 2t + 1. • v ≡ 8 (mod 12).
Similar to the case v ≡ 4 (mod 12). We add points ∞ i , i = 0, 1, . . . , 7 and use the following nearly resolvable P 3 −design on 20 points having a nearly resolvable subsystem on {∞ i | i = 0, 1, . . . , 7}. The first six classes contain the subdesign, the first two blocks from each. The result is a nearly resolvable P 3 −design on 12t + 8 points with 9t + 6 classes and a
Ingredients for P 4
• v ≡ 0 (mod 12).
Use the GDD construction with the following P 4 −design on 12 points. V = {0, 1, . . . , 9, a, b} 0489, 156a, 237b 0579, 138a, 246b 2035, 147a, b968 0125, 4367, 9ab8 6095, 71b4, 82a3 61a5, 7294, 80b3 62b5, 70a4, 8193 Leftover = {4587}
• v ≡ 1 (mod 12).
We use the frame construction using the following nearly resolvable P 4 −design on V = {0, 1, . . . , 9, a, b, c} as ingredient.
c123, a45b, 0789 9364, 8ab2, 1057 3149, 0ac5, 8627 8bc0, 9a71, 2435 b9c2, 06a5, 8473 516b, 4097, a3c8 b7c6, 5830, a192 7695, 3b4c, 1820 Leftover = {80b1, 652a}
• v ≡ 3 (mod 12).
We use the frame construction, however in this case it is not possible to have a P 4 −design on 3 points, and so we must find a nearly resolvable P 4 −design and a nearly resolvable P 4 −design with the hole of size 3 separately. We take V = {0, 1, . . . , 9, a, b, ∞ 1 , ∞ 2 , ∞ 3 }. • v ≡ 4 (mod 12).
Just apply lemma 6 to a resolvable K 4 −design on 12k + 4 points ( [14] ).
• v ≡ 6 (mod 12).
We use the frame construction with ingreient a nearly resolvable P 4 −design on 18 points with a subdesign of size 6, given below. The first four classes contain the subdesign, the first block from each.
• v ≡ 7 (mod 12).
We use the frame construction with ingredient a nearly resolvable P 4 −design on 19 points with a subdesign of size 7, given below. The first six classes contain the subdesign, the first block from each.
• v ≡ 9 (mod 12).
We use the frame construction with ingredient a nearly resolvable P 4 −design on 21 points with a subdesign of size 9, given below. The first six classes contain the subdesign, the first two blocks from each.
• v ≡ 10 (mod 12).
We use the frame construction with ingredient a nearly resolvable P 4 −design on 22 points with a subdesign of size 10, given below. The first seven classes contain the subdesign, the first two blocks from each.
Conclusions
We have thus shown that the chromatic values in the tables given in Section 2.2 are attained for every value of v, except for some small cases where the required frames do not exist, v = 25, 28, 29, 32 for P 3 and v = 25, 27, 30, 31, 33, 34 for P 4 . These cases are covered in the appendix. The use of G−frames and resolvable is a powerful framework in the solution of the Mininal Chromatic Index Problem. The necessary GDD's and frames can often be found by applications of Wilson's construction [14] . We believe that this type of methodology will be useful for solving a large class of these kinds of problems.
If G = K i we have a context for looking at "proportional" class-uniform like structures. In this case the number of copies of each K i (i = 1) in the leftover class is in the same proportion to those in the nearly resolvable classes. This is allows the number uncovered points (K 1 's) in the leftover class to vary, which is why we exclude isolated points (K 1 ). The case where G = K 2 K 3 is particularly interesting and generalises the work of Danziger and Stevens [3] .
The case of the Walke problem where one assumes that a fixed number of people are gone on a hike and thus are not present for the meal and further that many have left for home before the last meal is served, needs to be settled.
When G has fewer than four edges and no isolated points the only outstanding cases are two or three disjoint edges for which the solution is trivial, and the claw K 1,3 .
The idea of subdividing hill climbing problems as was done to solve v = 34 in the appendix is a new a very useful technique for graph decomposition problems which should be exploited further.
Appendix: Small Cases In this appendix we give those cases which are missed by the recursive constructions.
• P 3 , v = 25.
A P 3 − design on 25 points with 18 classes, 6 blocks in leftover class, V = {a, . . . , y}. • P 3 , v = 29. A P 3 − design on 29 points with 22 classes, V = {a, . . . , z} ∪ {A, B, C} slb, viC, kum, Ajn, pxd, aeg, cwh, otq, zrf , zbk, ayi, tCe, cdv, hAs, nBg, oqj, f xl, mpw lwn, ozy, f ih, ucv, Cxq, dps, aAr, tje, mBb , agp, bf m, sBx, yhl, ein, voA, kqw, jCd, crt qvw, bdl, ohm, exn, f ti, ypC, rsg, jBa, Ack , krB, nCw, opv, uxh, zgm, yf a, djs, qlt, Abe cem, df n, ykz, lou, qsx, gjv, Btw, Cah, ibr , ybt, coe, jrw, imA, qf g, Bkh, vxz, uda, lns lza, xcg, yAk, Bvt, nob, wef, ruh, Cms, diq , hBo, dke, wyj, arn, guC, mzt, scb, pix, f lA Bph, qel, Awm, rvs, xod, ytg, uf z, ikj, ncC , nyc, jwx, zBe, ubm, qAt, f sh, oCv, dgi, alk cf w, qas, rly, ijo, xkC, evn, ght, pzu, mdA , yCs, qmr, AiB, xjb, tac, eul, zdh, wof, knp znt, f hj, ymo, prC, Aed, vai, ksb, wgq, lBu , zvk, icm, epA, rgo, xyB, abh, f Cq, wds, nuj puw, koy, hzi, vAf, set, amn, dqr, gbx, jcl , irx, BCh, f vu, qys, lpb, jao, wzc, Ang, ktm hro, wsu, zAC, nqB, xmv, ctp, dye, f ka, jlg , wis, xgC, Aua, nbq, tdB, cpk, f jm, hvl, zer ilm, Czj, kwa, ost, rdn, vgy, pqu, ABf, che , uio, hne, ryv, f pj, cBw, txa, bCl, qzs, gkm Leftover = {yut, xAg, nap, vbw, cqh}
• P 4 , v = 27 A P 4 − design on 27 points with 19 classes, V = {a, . . . , z}∪{A} uqxj, lhtk, mAzv, f gri, waeb, sdny , vcle, hAwr, kbin, qszm, yf ta, xpoj kjsl, bdtp, cxuz, hmwe, yrAq, iavf , tqeh, nkdA, wprz, yjif, lgum, aboc azf n, isAp, vkro, tgyx, blqh, uwdc , ysuc, bgpj, olvA, ref m, hadq, wixz cral, pyeu, gstm, qwvx, zjno, hikf , nwxd, Af ca, jlpq, yhog, vurt, bmke xkqy, wosa, zdhf, ctAj, gvrb, epui , rlkp, vncq, swzh, xmge, tjaA, byio pf uj, igdr, nxao, khcb, zltw, vmeA , hxf r, doej, Acgq, imnp, bskw, ylut iAnt, bhjc, vymp, lf sx, kaud, oqzg , oxga, hubw, f dmj, pcsv, etyk, iqnr yAuk, gjvp, cild, ztbn, maf o, exrh , cwjf, edyu, ghvq, ansr, kzpb, omlx ipsm, yzbf, aqjr, xAkc, tove, lnhw , zitx, okgA, pdvb, senu, lwya, f qmr aphs, xbqr, divt, lAou, ngwf, ycze , Leftover = {Abjd, mcei, nzoy}
• P 4 , v = 30.
A P 4 − design on 30 points with 20 classes, V = {a, . . . , z} ∪ {A, . . . , D} qxuD, ltod, kave, jmAn, szgw, f Bhy, rpbC , xajn, gbwr, epcz, Chvt, squm, dyio, Af lD ocni, vzlw, djDe, Bsyr, xCqf, mhAk, tgup , vgjw, zrkc, f xhl, ipdq, antb, oyeB, CDsA mesd, hjuB, goly, kwpz, Dnbx, qrtc, vCai , f tDy, iApa, svmC, gqkl, noBw, hdzj, ucre sjAq, weoD, bf uC, azBd, rhiv, cxyk, lmtp , rjxA, ef gh, Ddnv, qaBb, scil, zwCt, kuop Dvcq, eisl, yBpn, Cf mr, kgdx, wabj, zAuh , cael, jqoC, dmDx, f spv, Abit, yung, hkBr ktAB, f jvq, agyn, rlCs, bDwc, dexi, zmoh , lBCc, nf kx, ovuz, sbyj, qhwi, egmp, rAaD oAgx, Dqns, beht, wf zy, Bcla, jCkv, diur , ijcy, tzha, glnC, qBxm, vwok, Adf p, Drsu mnrx, cAvl, jekz, BDiC, obdu, qtsa, yphf , qyad, chDg, Bnxo, jkpl, imws, f rbv, uezC irCA, yf au, qwdt, hsoj, Dpxl, mkbz, gcen , rdvB, cf oa, giqz, kDAe, nwul, xsmb, jtyC ozif, myAw, Cpqb, etBj, gskn, arvx, Dcdl , cbhn, pjlA, Bgro, ikdC, eqma, zxtu, f vyw Leftover = {cmBi, atwx, eCgp, f Dzn, ublq}
• P 4 , v = 31.
A P 4 −design on 31 points with 22 classes, V = {a, . . . , z} ∪ {A, . . . , E} iyvl, sxgA, aBf j, Dcbd, kozt, Ehue, Cprw , mawd, Eof g, vnAk, rhti, sbDe, pBux, Czjq ckBv, aqog, hbxz, uymf, tdAE, rCwe, nlip , rukf, stjy, qhvA, wieB, azDE, blxC, mdon mcAu, xf ih, qCDv, wzpE, Bltb, jkny, orse , obqc, kxtm, aDde, nCiu, Ewhp, grjA, lsf y lDtv, AirE, ajsm, gdkq, opf h, ezBn, xcwy , luwj, tkCc, qvbE, rAsp, f nDB, meah, xyzi uzqE, vjCo, bycf, wsBx, tadr, eAlp, Dkgi , BEf q, isal, unmC, cdho, rbek, zADj, gtyp juve, lhcs, oDxd, zgmq, kpAw, yCbn, raf t , dBjp, CEai, bf vs, otce, rkmw, Dqnx, Aygl jdyk, bugh, vxaC, f rmD, nsEz, cpeq, twoA , gbjx, akvi, mhso, qyBA, clrD, zdnw, eEut dvml, wpDi, engB, hxEk, quCt, joab, rczs , Dgpx, diou, cays, jmzv, f wBt, CelE, qAhn vgeo, mxqr, Eint, CBcj, apbz, yldf, wkhD , hBry, pdCA, ksDw, Ecna, exib, f umo, qgjl rxoB, aAmb, nEvw, zhji, f Cgc, klqs, yDup , pvau, AbBi, mEyh, nret, kzf D, colw, qdsC qwgs, lznp, Bmik, cvCh, jEdu, oyef, rtAx , ovrz, mpqB, kbwx, njeh, agEt, suci, Af lC Leftover = {iqtp}
• P 4 , v = 33.
A P 4 −design on 33 points may be found [7] .
